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Abstract 

Let S be a smooth projective surface, let /' : 5' — > S be a double cover of S 
and let /i : S — > 5' be the canonical resolution. Put f = f o fi. An irreducible 
curve C on S is said to be a splitting curve with respect to / if f*C is of the 
form + C~ + E, where C~ = a*jC^ , aj being the covering transformation of 
/ and all irreducible components of E are contained in the exceptional set of //. 
In this article, we show that a kind of "reciprocity" of splitting curves holds for a 
certain pair of curves on rational ruled surfaces. As an application, we consider 
the topology of the complements of certain curves on rational ruled surfaces. 

Introduction 

Let y be a smooth projective variety, and let X' be a double cover, i.e., a normal 
variety with a finite surjective morphism /' : X' — F of deg/' = 2. We denote its 
smooth model by X and its resolution by /i// : X ^ X' and put / = /' o /ij/. Let af 
be the covering transformation of /' and we assume that cry inducdes an involution u/ 
on X. 

Definition 0.1 Let P be an irreducible divisor on Y. 

(i) We say that D is a splitting divisor with respect to / : X ^ y if f*I) is of the 
form 

f*V = V+ + V- + E, 

where T>^ = o'*jrV^, and irreducible components of E are all exceptional divisors 
of /i//. In case of dimF = 2, we call V a splitting curve. 
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(ii) If /' is uniquely determined by the branch locus Aj/ of /', then we say that D is 
a splitting divisor with respect to Aj/ (see §1 for the terminologies for branched 
covers). Note that if Y is simply connected, then any double cover is uniquely 
determined by its branch locus. 

Remark 0.1 In the case of dimF = 2, if D is a splitting curve on Y with respect to 
f : X —>-Y,T> does not meet A// transversely at smooth parts of T> and A//. 

In this article, we study splitting curves on a smooth surface from two different 
viewpoint: 

(I) The study of dihedral covers and their application. 

(II) A problem motivated by elementary number theory, i.e., to formulate "reciprocity 
law" of double covers. 

In order to illustrate how the notion of splitting divisors works in the study of dihedral 
covers, let us recall some results in [2] (For notations and terminology, see §1): 

Let C be a smooth conic in and let / : Z — be the double cover of P^ with 
branch locus Af = C. Note that Z = x F^. We denote the class of a divisor in 
Pic(Z) by a pair of integers (a, b). Then we have: 

Proposition 0.1 ([21 Proposition 2] ) For an irreducible curve D in P^, there exists a 
D2n-cover tt : X ^ P^ such that 

• A^ = C + V, and 

• the ramification index along C (resp. V) is 2 (resp. n) (we say that f is branched 
at 2C + nV if these conditions on the ramification are satisfied), 

if and only if both of two condititons below are stasified: 

(i) V is a splitting curve with respect to C . 

(ii) If we put f*V = + and denote the class of T>^ by {a,b), then a — b is 
divisible by n. 

In [2], we construct nodal rational curves Vi, . . . ,Vk of degree m in P^ as follows: 

• is an integer not exceeding m/2. 
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• For each i, T>i is tangent to C at m distinct smooth points of Pj. 
. rV, = Vj + Pr, Vt ~ (m - i),Vr ^{i,m-i). 

By Propositin lO.il we can show that the following statement: 

Proposition 0.2 For any 7^ j), there exists no homeomorphism / : such 
that f{CUVi) = CUVj for any i and j , i.e., there is no homeomorphism between pairs 
(P2, C U Vi) and (P^, C U Vj). Namely {C UVi, . . . ,C UVk) is a Zarski k-plet (See /!]/ 
for the definition of a Zariski k-plet or a Zariski pair). 

In Proposition I0.2[ one of clues is that "Dj is rational, and it is a splitting curve with 
respect to C. In this article, we consider the case that Vi is non-rational. 

We also remark that in Shimada intensively studied splitting curves of degree 
< 2 on P^ with respect to sextic curves with simple singularities. Such splitting curves 
play essential role to classify so called lattice Zariski pairs. 

As for the viewpoint (II), let us recall a fact from number theory: 
Let m be a square free integers and put K = Q{y/m). We denote the ring of integers 
of K by Ok and the discriminant of K hj 6k- Let p be an odd prime with p /(Sk and 
let {p) be the ideal of Ok generated by p. Then the statements below hold (See [3 
Proposition 13.1.3], p. 190, for example) : 

(i) If = m mod p is solvable in Z, then (p) = pip2, where pi and p2 are distinct 
prime ideals in Ok- 

(ii) If = m mod p is not solvable in Z, then [p) is a prime ideal in Ok- 

Hence whether (p) splits or not depends on the solvability of a;^ = m mod p. More- 
over law of quadratic reciprocity gives a relation between the solvability ofx^ = q mod p 
and that of x^ = p mod q for odd primes. 

These facts suggest us to formulate the following problem: 

Problem 0.1 Let S be a smooth projective surface. Let Di,D2 and D3 be reduced 
divisors on S, We denote the irreducible decompostion of Di {i = 1, 2) by Di = J2j 
{i = 1,2), respectively. Suppose that there exist double covers pi : Si ^ with 
Ap^ = Di -\- D3 for i = 1,2. Is there any law to determine whether Pi-D2,j splits or not 
in terms of some propeties of 1S2? 
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In this article, keeping the viewpoint (I), in particular, application to the study of 
Zariski pairs (§5), in mind, we consider Problem 10.11 under the following setting: 

Let Ed be the Hirzebruch surface of degree d. Throughout Introduction, we assume 
that d is even. Ao,d denotes the negative section, i.e., the section whose self-intersection 
number is —d and Fd denotes a fiber of — >■ Note that Pic(Sd) = ZAo,d © Z-^d. 

Let Td be an irreducible divisor on such that 

(i) Td ~ {2g + l)(Ao,d + dFd) {g > 1) and 

(ii) Td has only nodes (resp. at worst simple singularities ) if 5^ > 2 (resp. g = 1). 
Let A be a section of such that 

(i) A ~ Ao,d + dFd and, 

(ii) for all x G fl A, x is a smooth point of Td and the local intersection number 
(A n Td)x at X is even. 

Let Qd ■ Wd — » Srf be a double cover branched at 2(Ao,d + A). Let p'd '■ S'^ be a 

double cover branched at 2(Ao,d + Td) and let fid : Sd —>■ S'd be the canonical resolution 
in the sense of [6]. Put Pd = p'd° /^d- We can easily check the following properties: 

• Wd is the Hirzebruch surface of degree d/2. 

• The composition (pd : Sd ^ T,d ^ gives a hyperelliptic fibration of genus g on 
Sd- The preimage of Ao,d in Sd gives a section O. We denote the Mordell-Weil 
group of the Jacobian of the geneiric fiber (S'd)^ by MW(j7s'^), O being the zero 
element. 

• p^A is of the form 

p*dA = s+ + s-, 

where are sections of ipd and = — s+ in MW{J'sJ- In particular, A is a 
splitting curve with respect to pd- 

Now we are in position to state our main result in this article: 

Theorem 0.1 Under the notation as above, Td is a splitting curve with respect to qd, if 
and only if is 2-divisible in MW{J'sj^) ■ 
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Note that Theorem 10.11 can be regarded as an analogy of the "reciprocity." In fact, 
we may interpret it double cover version of 




It may be interesting problem to consider the "reciprocity" of double covers under 
more general setting. 

As an application of Theorem 10. ![ we study branched covers with branch locus 
Ao,rf + A + Td and the topology of the pair (S^, Ao,d U A U T^). Here is our statement: 

Theorem 0.2 We keep the notation as before. There exists a D2n-cover branched at 
2(Ao,d + A) + nT^ for any odd number n, if and only if is 2-divisible in MW(j7s^) 

An interesting corollary to Theorem 10.21 is as follows: 

Corollary 0.1 Let (Ai U Td^i, A2 U Td^2) be a pair of reduced divisors on T^d such that 
both of Ai U Td^i {i = 1,2) satisfy the conditions of A and Td in Theorem \ 0.1[ Let 
Pd,i '■ Sd,i T^d {i = 1, 2) be the canonical resolutions of the double covers with branch 
locus Ao,rf + Td^i {i = 1,2), respectively. Let sf {i = 1,2) be sections coming from Aj 
{i = 1,2), respectively. If {i) is 2-divisible in MW(j7s'^J and {ii) is not 2-divisible 
in MW(j7s'^2), ^^^'^ there is no homeomorphism h : T,d T,d such that h{Ao^d) = A^d, 
h{Ai) = A2 and h{Td,i) = Td,2- 

This article consists of 4 sections. In §1, we summarize on Galois covers, especially, 
dihedral covers, and the Mordell-Weil group of the Jacobian of the generic fiber of a 
fibered surface. We prove Theorems 10.11 and 10.21 in §2 and §3, respectively. In §4, we 
give some explicit examples in the case when d = 2, g = 1. In the last section, we will see 
that the study of splitting curves gives some examples of Zariski pairs, which is related 
our viewpoint I. 

1 Preliminaries 

1.1 Summary on Galois covers 

1. Generalities 

Let G be a finite group. Let X and y be a normal projective varieties. We call X a 
G-cover, if there exists a finite surjective morphism ir : X ^ Y such that the finite field 



5 



extension given by vr* : C{Y) ^ C(X) is a Galois extension with Gal(C(X)/C(F)) = G. 
We denote the branch locus of vr by A^r. is a reduced divisor if Y is smooth([17j). 
Let i? be a reduced divisor on Y and we denote its irreducible decomposition hj B = 
J2l=i Bi- We say that a G-cover vr : X — > F is branched at X]i=i ^i^i if 

(i) A^ = Supp (XlLi Ci-Bj) and 

(ii) the ramification index along Bi is Cj for 1 < z < r. 

2. Cyclic covers and double covers 

Let 'L/n'L be a cyclic group of order n. We call a 'L/n'L- (resp. a Z/2Z-) cover by 
an n-cyclic (resp. a double) cover. We here summarize some facts on cyclic and double 
covers. We first remark the following fact on cyclic covers. 

Fact: Let y be a smooth projective variety and B a reduced divisor on y. If there 
exists a line bundle £ on y such that B ~ n£, then we can construct a hypersurface X 
in the total space, L, of C such that 

• X is irreducible and normal, and 

• vr := pr|x gives rise to an n-cyclic cover, pr being the canonical projection pr : 
L-^Y. 

(See [3] for the above fact.) 

As we see in |13] , cyclic covers are not always realized as a hypersurface of the total 
space of a certain line bundle. As for double covers, however, the following lemma holds. 

Lemma 1.1 Let f : X ^ Y be a double cover of a smooth projective variety with 
Af = B, then there exists a line bundle C such that i? ~ 2£ and X is obtained as a 
hypersurface of the total space, L, of C as above. 

Proof. Let <y9 be a rational function in C(y) such that C(X) = C(y)(y^). By our 
assumption, the divisor of Lp is of the form 

(V?) = B + 2D, 

where D is a divisor on Y . Choose C as the line bundle determined hy —D. This implies 
our statement. □ 
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By Lemma [TTT| note that any double cover X over Y is determined by the pair {B, C) 
as above. 

3. Dihedral covers 

We next explain dihedral covers briefly. Let be a dihedral group of order 2n 
given by (a, r | cr^ = r" = (crr)^ = !)• In [IS], we developed a method of dealing with 
-D2n-covers. We need to introduce some notation in order to describe it. 

Let vr : X ^ y be a D2n-cover. By its definition, C(X) is a D2n-extension of C{Y). 
Let C(X)^ be the fixed field by r. We denote the C(X)^- normalization by D{X/Y). 
We denote the induced morphisms by /?i(7r) : D{X/Y) ^Y and (32(71) : X ^ D(X/F). 
Note that X is a Z/nZ-cover of Z)(X/y) and D(X/y) is a double cover of y such that 
7r = /3i(7r)o/52(7r): 



In [TB], we have the following results for D2n-covers (n:odd). 

Proposition 1.1 Let n he an odd integer with n > 3. Let f : Z Y be a double cover 
of a smooth projective variety Y , and assume that Z is smooth. Let (jf be the covering 
transformation of f . Suppose that there exists a pair {D,C) of an effective divisor and 
a line bundle on Y such that 

(i) D and a*jD have no common components, 

(a) if D = ttiDi denotes the irreducible decomposition of D, then < < (n — 1)/2 
for every i;and the greatest common divisor of the ai 's and n is 1, and 

(Hi) D — a*jD is linearly equivalent to nC 

Then there exists a D2n-cover, X, of Y such that (a) D{X/Y) = Z, (b) A{X/Y) = 
A/ U /(SuppD) and (c) the ramification index along Di is nj gcd(aj,'n,) for\/i. 

For a proof, see ^16j. A corollary related to a splitting divisor on Y, we have the 
following: 



X 




Y 
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Corollary 1.1 Let V be a splitting divisor on Y with respect to f : Z ^ Y . Put 
f*X> = T>^ + T>^ . If there exists a line bundle C on Z such that — T>^ ~ nL for an 
odd number n, then there exists a D2n-cover it : X ^ Y branched at 2Af + nV. 

Conversely we have the following: 

Proposition 1.2 Let tt : X ^ Y be a D2n-cover (n > 3, n: odd) ofY and let cr^i(7r) be 
the involution on D{X/Y) determined by the covering transformation of I3i{tt). Suppose 
that D{X/Y) is smooth. Then there exists a pair of an effective divisor and a line bundle 
{D,C) on D{X/Y) such that 

(i) D and a^^^^^D have no common component, 

(a) if D = ^^ttiDi denotes the decomposition into irreducible components, then < 
< (ri — l)/2 for every i, 

(Hi) D — a^_^^^^D ~ nC, and 

(iv) A^,(^) = Supp(D + 

For a proof, see [TB] . 

Corollary 1.2 Let Di be an arbitrary irreducible component of D in Proposition 
The image j3i{7i){Di) is a splitting divisor with respect to /5i(vr) : D{X/Y) —>■ Y 

1.2 A review on the Mordell-Weil groups for fibrations over 
curves 

In this section, we review the results on the Mordell-Weil group and the Mordell-Weil 
lattices studied by Shioda in [TTl IT^ . 

Let 5 be a smooth algebraic surface with fibration (p : S ^ C of genus g{> I) curves 
over a smooth curve C. Throughout this section, we assume that 

• has a section O and 

• ip is relatively minimal, i.e., no (—1) curve is contained in any fiber. 
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Let Sr^ be the generic fiber of (p and let K = C(C) be tlie rational function field of 
C. is regarded as a curve of genus g over K. 

Let JTs '■= J{Sn) be the Jacobian variety of Sjj. We denote the set of rational points 
over K by MW {J's)- By our assumption, MW (J's) ^ and it is well-known that 
MW(j7s') has the structure of an abelian group. 

Let NS(S') be the Neron-Severi group of S and let Tr{ip) be the subgroup of NS(5') 
generated by O and irreducible components of fibers of (p. Under these notation, we 
have: 

Theorem 1.1 If the irregularity of S is equal to C, then MW(j75') a finitely generated 
abelian group such that 

MWiJs) = m{S)/Tr{ip). 

See [m [12] for a proof. 

Let Pd '■ Sd ^ Srf be the double cover of with branch locus Ao,rf + Td as in 
Introduction. Then we have 

Lemma 1.2 Let pd : Sd ^d be the double cover as before. There exists no unramified 
cover of Sd- In particular, Pic(S'd) has no torsion element. 

Proof. By Brieskorn's results on the simultaneous resolution of rational double points, 
we may assume that Td is smooth. Since the linear system \Td\ is base point free, it is 
enough to prove our statement for one special case. Chose an affine open set Ud of J^d 
isomorphic to with a coordinate (x, t) so that a curve x = gives rise to a section 
linear equivalent to Aqo. Choose Td whose defining equation in Ud is 

where (i = 1, . . . , {2g + l)d) are distinct complex numbers. Note that 

• Td is smooth, 

• singulair fibers of ip are over (i = 1, . . . , {2g + l)d), and 

• all the singular fibers are irreducible rational curves with unique singularity iso- 
morphic to j/^ — x^^"*"^ = 0. 
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Suppose that Sd — ^ 5'^ be any unramified cover, and let g : he the induced 

fiberation. We claim that g has a connected fiber. Let Sd ^ C ^ IP^ he the Stein 
factorization and let O be a section coming from O. Then deg(p2 ° Pi)\g = deg^lg = 1, 
and g has a connected fiber. 

On the other hand, since all the singular fibers of g are simply connected, all fibers 
over ai (z = 1, . . . , {2g + l)d) are disconnected. This leads us to a contradiction. □ 

Corollary 1.3 The irreguarity h^{Sd,Os^) of Sd is 0. In particular, 

MW {Js,) = m{Sd)/Tr{y,), 
where Tr{(f) denotes the subgroup ofNS{Sd) introduced as above. 

Proof. By Lemma [1.21 we infer that H^{Sd, Zi) = {0}. Hence the irregularity of Sd is 0. 

□ 



2 Proof of Theorem 10. 1 



Let us start with the following lemma: 

Lemma 2.1 f : X Y be the double cover ofY determined by {B, C) as in Lemma lTl] 
Let Z be a smooth subvariety ofY such that {i) dimZ > and {ii) Z (/L B. We denote 
the inclusion morphism Z ^Y by i. If there exists a divisor Bi on Z such that 

• L*B = 2Bi and 

• L*C ~ Bi, 

then the preimage f~^Z splits into two irreducible components Z^ and Z~ . 

Proof. Let : f^^{Z) ^ Z he the induced morphism. f^^{Z) is realized as 

a hypersurface in the total space of l*L as in usual manner (see [31 Chapter I, §17], 
for example). Our condition implies that f^^{Z) is reducible. Since deg/ = 2, our 
statement holds. □ 



Lemma 2.2 Let Y be a smooth projective variety, let a : Y Y be an involution on 
Y , let R be a smooth irreducible divisor on Y such that a\R is the identity, and let B be 
a reduced divisor on Y such that a*B and B have no common component. 
If there exists a a -invariant divisor D onY (i.e., a*D = D) such that 
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B + D is 2-divisible in Pic(y), and 



• R is not contained in Supp{D), 

then there exists a double cover f : X ^ Y branched at 2{B + (t*B) such that R is a 
splitting divisor with respect to f . 

Moreover, if there is no 2-torsion in Pic(y), then R is a splitting divisor with respect 
to B + a*B. 

Proof. By our assumption and Y is projective, there exists a divisor Do on Y such that 



1. i? is not contained in Supp(Do), and 

2. B + D ^ 2Do. 

Hence B + (y*B ~ 2{Do + (t*Do - D) Let / 
(Y", B + a*B, Do + (y*Do - D) and let 6 : ' 
(y\R = idfi, 

t*B = L*a*B, i*{Do 

we have 



: X — > F be a double cover determined by 
-s> Y denote the inclusion morphism. Since 

-D) = i*{a*Do-D), 



L*B ~ L*{2Do-D) 

= t*Do + t*i(r*Do-D) 
= t*{Do + cr*Do-D). 

Hence, by Lemma 12. ![ i? is a splitting divisor with respect to /. Moreover, if there 
is no 2-torsion in Pic(y), / is determined by -B + a*B. Hence i? is a splitting divisor 
with respect to B + a*B. □ 

Proposition 2.1 Let Pd '■ Sd ^ o-nd qd : Wd — ^ ^d be the double covers as in 
Introduction. If there exists a ap^-invariant divisor D on Sd such that + D is 2- 
divisible in Pic{Sd), being the covering transformation of pd, then Td is a splitting 
divisor with respect to Ao,d + A. 

Proof. Let ipi and ?/'2 be rational function on such that CiWd) = C{T,d){y/ih) and 
C{S'a){= C{Sd)) = C(Srf)(v^), respectively. Note that (^i) = Ao,d + A + 2Di 
and (■?/'2) = Ao,d + Td + 2D2 for some divisors Di and D2 on S^. Let X'^ be the 
C{Tjd){\/ih, v^)-normahzation of and let pd : Xd — > 5'^ be the induced double cover 
of Sd by the quadratic extension C(Srf)(vW, v^)/C(Sd)(v^) and let jl : Xd ^ X'^ 
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be the induced morphsim. X'^ is a bi-double cover of Hd as well as a double cover of 
both Wd and S'^. We denote the induced covering morphisms by qd : X'^ Wd- 

Wd ^ X', ^ Xd 







p'd 





S^d Q f-'' Q 
d ^ ^ Jd 

Since 

= 20 + s+ + s- + 2p*Di,prf = p'd0^l 

and 

(g>2) = 2Ao,rf/2 + + 2g*Z?2, 
the branch loci of pd and are p^A = s+ + and g^Trf, respectively. Put 

R := {p*dTd)red \ (the exceptinonal set of 5*^ S'^). 

Let (Trf)sm be the smooth part of T^. Since (g^ o o fL)*(Td)sm = {Pd ° Pd)* (Td) sm, one 
can check that Td is a splitting curve with respect to Ao,d + A if and only if i? is a 
splitting curve with respect to s"*" + s~. Now by Lemma [2.2[ our statement follows. □ 
We are now in position to prove Theorem 10.11 

Proof of Theorem 10. Jl We first note that the algebraic equivalence ~ and the linear 
equivalence ~ coincides on 5*^ by Lemma [1.2[ 

The case oi g > 2. Let Sq be an element in MW {J's^) such that 2so = s"*" on 
MW{J'sJ- By there exists a divisor D on Sd which gives sq. By \T2], D satisfies a 
relation 

2D ~ s+ + {2DF - 1)0 + af + E, 

where S is a divisor whose irreducible components consist of those of singular fibers 
not meeting O. By our assumption on the singularity of Td, we can infer that any 
irreducible component of S is o"p^-invariant. As cr*^0 = O, a* J = f, by Proposition 12. H 
our statement follows. 

The case oi g = 1. Let Sq be an element in MW{J'sJ such that 2so = s+. By 
Theorem 11.11 and Corollary 11.31 we have 

2so - s+ G Tr((^). 

Let (f) : MW(J75^) NSq(:= NS(5'(i) (g) Q) be the homomorphism given in pi], Lemmas 
8.1 and 8.2]. Note that there will be no harm in considering NSq since NS(5'rf) is torsion 
free. By fHX Lemmas 8.1 and 8.2], (j){s) satisfies the following properties: 
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(i) (f){s) = s mod Tr((/?)Q(:= Tr{ip) ® Q). 

(ii) is orthogonal to Tr{ip). 
Explicitly is given by 

0(s) = s — O — {sO + xi^Sd))f + the correction terms, 

where f denote the fiber of (/?. The correction terms is a Q-divisor arising from reducible 
singular fiber in the following way: 

Let be a singular fiber over v and let 0„^o be the irreducible component with 
OQo = 1- 

• If s meets Qy^, then there is no correction term from f^. 

• If s does not meet ©^,,0, the correction term from fy is as follows: 

Let ©1,^1, . . . , &v,ry-i denote irreducible components of other than ©^ q s-nd Ist 
A := ((©t,,j©t,j)) be the intersection matrix of ©,;,i, . . . , ©r^-i- With these nota- 
tion, the correction term is 

By our assumption. 
Put 

0(so) = So - O - {soO + x{Osa))f + Yl 

veRed 

where Red = {f G F^\(f~^{v) is reducible.} and Corr^ denotes the correction term arising 
from the singular fiber f^. Since 2sq — s"*" e Tr{ip), 4>{2sq) — 4>{s~^) = 0. Hence 

(*) 2so -s+^qO + {2soO + x{Os,))f + 2 ^ Corr,. 

veRed 

Thus 

2 ^ Corr^ ~q E, 

veRed 

for some element E e Tr{ip). 
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Claim. 2E.,RedCorr,e Tr(^). 

Proof of Claim. We first note tliat 2 X]t,eRed Corr^ = E in Tr{ip)Q. Since O, f and all 
the irreducible components of reducible singular fibers which do not meet O form a basis 
of the free Z-module Tr{ip) as well as the Q- vector space Tr{ip)Q, E is expressed as a Z- 
linear combination of these divisors. As Corr„ is a Q-linear combination of the irreducible 
components of reducible singular fibers which do not meet O, if 2 Xli^GRed Corr„ ^ Tr{ip), 
then we have a nontrivial relation among O, f and all the irreducible components of 
reducible singular fibers which do not meet O. This leads us to a contradiction. □ 

By Claim, we have 

(i) Corr„ = if the singular fiber over v is of type either J„ (n: odd), IV or IV* and 

(ii) if Corr ^ 0, one can write Corr^, in such a way that 

Corr„ = ^Di,v + D2,v, 

where -Di D2^v £ Tr{{p) and Di .^ is reduced. 
Since sq + cTp^^o G Tr{{p), we have 

^-{D, + a;D,)eTri^). 
Therefore we infer that we can rewrite Di in such a way that 

D, = D[ + a;^D[ + D';, 

where 

• D[ D[ and there is no common component between D[ and a*^D[, and 

• each irreducible component of D'( is o"p^-invariant. 
In particular, Di is o"p^-invariant. Now put 

D := + {2soO + x{Os,)-2[{2soO + x{Os,))/2])f + D^ 
Do := So-[{2soO + x{OsJ)/2]f-D2. 

Then the relation (*) becomes 

s+ + D ~ 2Do. 

As CTp^O = O, (7* J = f, by Proposition 12.11 our statement follows. 

We now go on to prove the converse. Choose affine open subsets V C Wd{= 
and f/ C as follows: 
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(i) Both U and V are C^. 

(ii) Let (t, x) and (t, () be affine coordinates of U and V, respectively. Tiien qa is given 

by 

qd:{t,C)^{t,x)^{t,C + f{t)), 

where f{t) is a polynomial of degree < d. With respect to the coordinate {t,x), 
Ag^ is given by {x = 00} U {x - f{t) = 0} 

Since Td is a splitting curve with respect to qa : Wd —>■ E^, we have q^Td = T+ +T~. 
As ~ (25( + l)(Ao,d/2 + dFd/2): we may assume that are given by the following 
equations on V: 

T+ : F{x,t) + CG{x,t) = 
T- ■.F{x,t)-CG{x,t) = 0, 

where 

9 9 

F{x, t) = J2 «2m - f{t)r-\ G{x, t)^Yl - fit))'-', «o = 1, 

i=o 1=0 

• x = C' + /W, and 

• ('.2i{t) {I = I, . . . , g) and a2i+i(^) = 0) • • • fi') are polynomials with deg a2i{t) < dl 
and dega2i+i{t) < d{2l + l)/2, respectively . 

This implies that Td is given by a defining equation of the form 

F{x,ty-{x-m)G{x,ty^o. 

On the other hand , the generic fiber of ipd '■ Sd ^ is given by 

y'^F{x,ty-{x-f{t))G{x,ty. 

By considering the divisors of the rational functions on the generic fiber {Sd)r] given by 
y — F{x, t) an dy + F{x, t) and the right hand side of the above equation, we infer that 
the sections given by (f(t),±a2g+i{t)) is 2-divisible in MW{J'sd)- are nothing 

but these sections, our statement follows. 
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3 Proof of Theorem 



We first show that 2-divisibihty of in MW{J's^) follows from the existence of a D2n- 
cover for one odd number n. 

Suppose that there exists a D2n-coveT iid : Xd ^ branched at 2(Ao,d + A) + nTd 
for some n. Let Pii^iTd) : D{Xd/T,d) be the double cover canonically determined 

by TTd : Xd ^ Srf. As the branch locus of Pi{nd) is Ao,d + A, D{Xd/T,d) = Wd and 
/3i(7rd) = qd- By Corollary ll.2[ Td is a splitting curve with respect to qd- By Theorem 10. ![ 
s+ is 2-divisible in MW(J5j- 

Conversely, suppose that is 2-divisible in MW(j7sj). By Theorem 10. ![ Td is a 
splitting curve with respect to qd- Hence we infer that qdTd is of the form T+ + T^. Put 

T+ ~ aAo,d/2 + hFd/2- 

Since 

g*T, ~ (2(7 + l)(2Ao,rf/2 + dFd/2, <T+ = T" <Ao,d/2 = Ao,,/2 and = F, 
we have 

T+ ~ T- ~ (2(7 + 1) Ao,,/2 + ^^^^F,/2. 
Hence by Corollary 11.11 There exists a Z}2n-cover branched at 2A + nTd for any odd n. 



4 Examples for the case of ^ = 1 

In this section, we consider the case oi g = 1. Namely, : 5^ ^ is an elliptic 
fibration over with section O. In this case, the involution induced by the covering 
transformation coincides with the one induced by the inversion morphism with respect 
to the group law on the generic fiber, O being the zero element. 

Our main references are [8], [9] and [I3j. As for the notation of singular fibers, we 
follow Kodaira's notation ([8]). 

Let us start with the case when d = 2, i.e., y9 : 5*2 ^ P^ is a rational elliptic surface. 

Example 4.1 {[13, Example, p. 198]) Let : 5*2 — > P^ be the rational elliptic surface 
given by the following Weierstrass equation: 

= x'' + (271350 - 98t)x^ + t{t - 5825)(t - 2025)x + 36t'^{t - 2025)^ 

t being an inhomogeneous coordinate of P^. : 5*2 ^ P^ satisfies the following proper- 
ties: 
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(i) has 3 singular fibers over t = 0, 2025, oo, of which types are of type I2 over 
if: = 0, 2025 and type III over t = 00. 

(ii) MSN{Js^ has no torsion. 

We infer that T2 on S2 given by the right hand side of the Weierstrass equation has 
3 nodes (see [HI Table 6.2, p. 551]) from (i) and is irreducible from (ii). In order to give 
an example, we use three sections given by |13j as follows: 

So : (0,6^2 - 12150t), Si : (-32t, 2t2 - 6930t), S2 : (-20t, - 4500t). 

Let ( , ) be the height pairing defined in [TT]. Then we have 

(so, So) = ^, (si, Si) = 1 (^ = 1, 2), (si, S2) = 0, 

and there is no other section s with (s, s) = 1/2 other than ±so. 
The sections given by 2so and S\ + S2 are 

1231. 5143775 1 .3 2335 .0 13493375. 29962489375 



2so = — r + ——t -7^, —r^^ - -T^t + — ^ — t 



144 72 144 ' 1728 576 576 1728 

1 2 435 921375 1 1181 o 41625 373156875 



si + s2= — r + — t , r r 1 + 

\36 2 4 216 24 

Since Si + S2 ^ — 2so, we infer that 2sq is 2-divisible, while Si + $2 is not 2-divisible. 
Also, both 2sq and si + S2 do not meet the zero section O. Let A^^^^ and A*^^) be the 
sections which are the images of 2so and si + S2 in E2, respectively. Put 

fii = Ao,2 + A(i) + T2, B2 = Ao,2 + A(2) + T2. 

Oen can check that, for each i, A*^*-* and T2 meet 3 distinct smooth points of T2 in such a 
way that the intersection multiplicity at each point is 2. Let q2^ : W2^ —>■ T12 {i = 1,2) 
be the double covers with branch locus Ao,2 + A*^*) (i = 1, 2), respectively. Then T2 is a 
splitting curve with respect to q^2\ but not with respect to q^2^. Hence by Corollary lO.il 
there exists no homeomorphism h : T12 ^2 such that h{Bi) = B2. 

Example 4.2 ([131 Example, p. 210]) Let <y9 : 6*2 — be the rational elliptic surface 
given by the following Weierstrass equation: 

1/2 = + (25t + 9)x2 + (144^2 + e)x + 16t^ 

t being an inhomogeneous coordinate of P^. (Note that the original Weierstrass equation 
in [13] is y'^ — 6xy = + 2btx^ + (144^;^ + t^)x + IQf^. We change the equation shghtly.) 
(y9 : 5*2 — > P^ satisfies the following properties: 
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(i) Lf has 2 singular fibers over t = 0, oo, of which types are of type 1^ over t = and 
type III over t = oo. 

(ii) MW(i752) has no torsion. 

Likewise Example 14.11 we infer that T2 on S2 has one as-singularity and one ai- 
singularity and is irreducible. In order to give another example, we use three sections 
given by [13] as follows: 

So : (0,4^2), si : (-16t,-48t), S2 : (-15t, + 45t). 

Let ( , ) be the height pairing defined in [llj. Then we have 

13 1 

(so, ■5o) = 2 ' (-^i' ■^i) = 4 = 1' 2), (si, S2) = --, 

and there is no other section s with (s, s) = 1/2 other than ±so. The sections given by 
2so and Si + S2 are 

/ 1 2 41 1 , 55 2 2637 _ \ 

2so = —t^ 1 + 315, + 5670 

V64 2 512 32 8 J 

+ S2 = (t^ + 192t + 8640, -t^ - 30lf - 27936t - 803520) 

Since si + S2 7^ — 2so, we infer that 2so is 2-divisible, while si + S2 is not 2-divisible. 
Also, both 2so and si + S2 do not meet the zero section O. Let A*^^) and A*^^-* be the 
sections which are the images of 2so and Si + S2 in E2, respectively. Put 

fii = Ao,2 + A(i) + T2, B2 = Ao,2 + A(2) + T2. 

For the pair (i?i,i?2), similar properties to those in Example 14.11 hold. 

Remark 4.1 Note that the right hand sides of Weierstrass equations of Examples 14.11 
and 14.21 can be rewritten as follows: 

+ (271350 - 98t)x'^ + t{t - 5825) (t - 2025)x + 36t'^{t - 2025)^ 

f/ 1 5825\ ,2 2f 1 2 1231 5143775\ 

= \\—t X + 6t^ - 12150t \ + xM X 1 + , 

\Vl2 12 y ^ J V 144 72 144 y ' 

+ (25t + 9)x2 + {lAAt^ + t^)x + 16t^ 

= — |(t + 144)a; + 32tH^ + x"^ \ x - —t^ + —t- 315 ) 
64 ' J V 64 2 ) 

Since the sections of S2 given by x - - ifflt + ^Iff^ = and a; - g^t^ ^ f t - 315 = 
are A*^^^'s in Examples 14. II and 14. 2[ respectively, we see that A*^^)'s in both of examples 
are splitting curves with respect to . 
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We show that an infinitely many examples of pairs (i?i,i?2) with similar properties 
to those in Examples 14.11 and 14.21 Let (f : S ^ he an elliptic surface with section O 
given by 

(*) y"^ = + a2{t)x'^ + a4{t)x + aQ{t), 

where a2it) , a4(t) , a^it) G C(t). We assume that ip : S ^ satisfies the following two 
properties: 

• MW(j7£-) has no torsion. 

• There exists sections Si and S2 in MW(J/£:) such that Si is 2-divisible MW(j7f), 
while S2 is not 2-divisible in MW(J7£-). 

Let 1/ : C — s> be a surjecticve morphism from a smooth curve C to F^ and let 
ify : £y ^ F^ be the induced elliptic fibration obtained by the pull back by z/. 

Lemma 4.1 // we choose C and v generally enough, the following properties are satis- 
fied: 

1. MW(i7£-,J has no torsion of odern. 

2. Let Sv^\ and Sv^2 be the sections in MW(j7£-„) induced by si and S2, respectively, 
s^^i is 2-divisible MW{J'£^), while s^^2 is not 2-divisible in MW^J's^). 

Proof. We first note that MW(j£-) and MW{Js^) are regarded as the set of C{t)- and 
C(C)- rational points of the elliptic curve (*), respectively. 

1. Let Kn be the field extension of C(t) obtained by addding all n-torsion points. If 
we choose C and z/ generically enough so that C(C) fl Kn = C(t), then MW(j£-^) has 
no n-torsion. 

2. The duplication formula for the group law of an elliptic curve shows that S2 
becomes 2-divisible over a certain field extension K of C(t) of degree at most 4. Hence 
if choose C and u generically enough so that C{C)nK = C(t), then Su,2 is not 2-divisible 
in MWiJe^). ' □ 

We now give examples of pairs {Bi,B2) on J]2n as in Examples 14. II and 14.21 for any 

n. 

Example 4.3 Let : S2 F^ he the rational elliptic surface in Example 14.11 or 14.21 
Let z/„ : — >■ P^ be a generic rational map of degree n. Let if^^ : ^ Pi be the 
induced relatively minimal elliptic fibration obtained via the pull-back of from ip. As 
we have seen at the beginning of this section, S,^^ is the canonical resolution of a double 
cover P2n '■ £1^^ — * ^2n of such that 
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• the branch locus of is of the form Ao,2n + , T^' ~ 3(Ao,2n + 2nF2„), and 
Tg^"* has at worst simple singularities, and 

• the involution induced by the covering transformation of p^^ coincides with the 
one induced by the inversion morphsim of the group law on the generic fiber. 

By Lemma |4.H we may assume that MW(J7£-^^) has no 2-torsion. This implies that 
Tg^"-* is irreducible. Put 

Si,vn ■= the section arising from 2s o 
S2,i'n '■= the section arising from si + S2. 

and let A^,^-* and A^^'' be the sections of S2n induced by si^^^ and S2,i/„, respectively. Put 
Put 

= Ao,2 + AW + Tt\ Bt^ = Ao,2 + A£) + . 
For the pair [b['^"'\ B^"^), similar properties to those in Example 14.11 hold. 

5 Application to the study of Zariski pairs 

In this section, we give two examples of Zariski pairs of sextic curves by using Corol- 
lary [Olll 

Let C be a smooth conic and let Q be an irreducible quartic such that 

(i) Q has either 2ai singularities or one 03 singularity, 

(ii) C is tangent to Q at 4 distinct smooth points of Q, and 

(iii) one of the 4 intersection points of C and Q is an inflection point, x, of Q. 
Likewise [TB| §4] , we consider a rational elliptic surface related to C + Q as follows: 

Let ui-.Fl^ P2 be a blowin g-up at X. Let Qx and E denote the proper transform 
of Qx and the exceptional divisor of z/, respectively. Next let z/2 : ^ P^. be a blowing- 
up at Qx n E, and let Q,Ei, and E2 be the proper transforms of Qx and E and the 
exceptional divisor of z/2, respectively. 

Let Ix be the proper transform of the tangent line at x. Ix is the exceptional curve 
of the first kind. By blowing down Ix-, we obtain S2, and Q and C give rise to divisors 
Tq and A(7, respectively, such that A^ ~ Ao,2 + 2F2, Tq ~ 3(Ao,2 + 2F2) and Tq has 
3ai (resp. a-^ + ai) singularities if Q had 2ai (resp. one 03). 

Let f : £' ^ S2 be the double cover with branch locus Ao,2 + Tq and we denote its 
canonical resolution of by £ satisfies the following properties: 
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• 8 has 3 singular fibers whose configuration is 2/2 and ///. 

• The conic C gives rise to two sections s"*" and s~ . 

• The covering transform induced by /' coincides with the one induced by the in- 
version morphism with respect to the group law. 

Under these setting, one easily infers that 

Proposition 5.1 There exists a D2n-cover branched at 2C + nQ if and only if there 
exists a D2n-cover branched at 2(Ao,2 + ^c) + ^t-Tq. 

Example 5.1 Let £ be the rational elliptic surface as in Example 14. 1[ By considering 
the reverse process observed as above starting from we infer that 

• two sections 2s o and Si + S2 in Examples 14.11 give rise to two conies Ci and C2, 
respectively and 

• the corresponding T2 gives rise to an irreducible quartic Q with 2ai singularities. 

By Proposition 15.11 we infer that (Ci U Q, C2 U Q) is a Zariski pair. 

We similarly obtain another Zariski pair starting from the rational elliptic surface in 
Example 14.21 It is a pair of sextic curves {Ci U Q' , C2 U Q') such that 

• Q' is an irreducible quartic with one singularity. 

• both of Ci {i = 1, 2) are tangent to Q' at four distinct smooth points of Q'. 

Remark 5.1 Both of Zariski pairs in Example 15.11 are in Shimada's list in pO]. Our 
reasoning why they are Zariski pairs gives another point of view different from Shimada's 
one. 
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